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CRITERIA FOR LARGE DEVIATIONS

HENRI COMMAN

ABSTRACT. We give the general variational form of
lim sup(/ eh@)/tay,, (dz))te
e

for any bounded above Borel measurable function h on a topological space X,
where (pq) is a net of Borel probability measures on X, and (t«) a net in ]0, co[
converging to 0. When X is normal, we obtain a criterion in order to have a
limit in the above expression for all A continuous bounded, and deduce new
criteria of a large deviation principle with not necessarily tight rate function;
this allows us to remove the tightness hypothesis in various classical theorems.

1. INTRODUCTION

Let Cp(X) be the set of real-valued bounded continuous functions on a topological
space X, (pa) & net of Borel probability measures on X, and (¢,) a net in ]0, co|
converging to 0. For each [—oo,+o0]-valued Borel measurable function i on X,
we write ple (e"/t) for ([ @/t py(dz))t>, and define A(h) = loglim pfe (eh/te)
provided the limit exists.

The aim of this paper is to clarify the relation between the existence of A(h) for
all h € Cp(X), and the one of a large deviation principle for (o) with powers (tq).
This problem originates from Varadhan’s theorem, which states that if X is regular,
then such a principle with tight rate function J implies the existence of A(h) for all
[—00, +o0[-valued continuous functions h on X satisfying some tail condition (in
particular for all h € Cy(X)), with moreover A(h) = sup,cx{h(xz) — J(x)}. This
theorem is a crucial argument in the proofs of all related results; in particular, these
also hold under some tightness hypothesis (of the rate function, or of the net (ul),
i.e., exponential tightness).

We present here a new approach based on a variational representation of the
functional limsup ple (e/*), and a criterion of existence of A(-) on Cyp(X) when
X is normal. This leads to functional as well as set-theoretic large deviation cri-
teria, which allow us to remove the tightness condition in various basic results of
the theory; moreover, the proofs are nonstandard since there are no compactness
arguments in the entire paper. Notice that all the results work for general nets of
measures and powers, and (except for Section Hland “(¢) = (i¢)” in Theorem
where X is assumed to be normal) for a general topological states space.
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We begin in Section [ by stating somewhat unusual equivalent definitions of a
large deviation principle (Proposition 2Z3]) which imply the existence of a minimal
rate function.

In Section [, we prove a general variational form of lim sup p> (eMta1y) for any
Borel measurable function A on X and any Borel set Y C X satisfying the (local-
ized) tail condition of Varadhan’s theorem (Theorem B.1l). By the same methods,
we obtain a sufficient (and necessary if X is normal) condition for the existence of
A(h) for all h € Cyp(X), in the spirit of the Portmanteau theorem (Theorem [3.3)).
A generalized version of Varadhan’s theorem without any tightness assumption is
a direct consequence (Corollary [3.4).

In Section[d], assuming that X is normal, we look for necessary and sufficient con-
ditions that A(-) (as a functional on Cp(X)) must satisfy in order to have a large de-
viation principle. This is obtained in Theorem (1], which gives five such conditions;
in particular, it states that large deviations occur if and only if lim A(h;) = A(h) for
each increasing net (h;) in Cp(X) converging pointwise to h € Cp(X). As corollaries,
various basic results hold verbatim without tightness assumptions; this is the case
for the equivalence between the Laplace and large deviation principles (Corollary
H2), and for the variational form of a rate function ([@1); a large deviation princi-
ple is characterized as a convergence in a narrow space of set-functions much larger
than capacities (Remark EEH); Corollary B3 improves Bryc’s theorem by weakening
the exponential tightness hypothesis; (£2]) gives the infimum of a rate function
J on any closed set in terms of liminf ufe () (resp. limsup ufe(+)), generalizing a
well-known expression of J.

2. PRELIMINARIES

Let F (resp. G) denotes the set of closed (resp. open) subsets of X. For each

[0, +-00]-valued function f on X we denote by f (resp. f) the least upper semi-
continuous function on X greater than f (resp. the greatest lower semi-continuous
function on X less than f), and define a map v; : G — [0,+00] by v4(G) =
sup,cq f(z) for all G € G.

We collect here some characterizations of positive bounded upper semi-continu-
ous functions that we will use in the sequel.

Lemma 2.1. There is a bijection between the set of positive bounded upper semi-
continuous functions f on X and the set of maps v : G — [0, +00[ satisfying

(2.1) vl Gi) = sup~(Gy) for all {Gy;i €I} CG,
i€l el
given by the maps
o v fy(z) =infeegaeaV(G) for allz € X,

o [y,
Moreover, for each positive bounded function f on X, the following properties hold:
(i) i: f’Yf;
(ii) f is the unique positive upper semi-continuous function h on X satisfying
Yo =f5
(iii) sup,ey f(z) = infeoy,ceg V1 (G) forallY C X;

(iv) f=V{g €[0,4+00[*: vy = s}
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Proof. Let f be a positive bounded upper semi-continuous function on X. For each
Y C X we have supy f < Supsoqup,, f4e} f < supy f + &5 since {f <supy f +e¢}
is open and contains Y, we obtain

(2:2) S;l/p f= GDg}geg 77(G),

whence f,, = f. We now prove that v =~ forall v : G — [0, +oo] satisfying (ZI);
let v be such a map, A > 0, and define Gy = |J{G € G;7(G) < A}. Forall0 <v < A
and for all z € G, we have f,(x) < 7(G,) < vsothat|J,., G, C {fy, < A}. Forall
x € {fy < A} there is G > x such that v(G) < A, and thus G C G, for some v < .
This shows that {f, < A} C U, Gv, and thus {f, < A} =, ., Go, which is an
open set, so that f, is upper semi-continuous. Let G € G. Clearly, supg fy < 7(G)
(with the convention supy = 0). If supg f, < 7(G), then G C {f, < 7(G) — ¢}
for some € > 0. Since f, is upper semi-continuous, {f, < v(G) — ¢} is open
with {f, < 7(G) — e} C Gy(g)—e, and since 7 is clearly increasing, we obtain
Y(G) < v({fy <7(G)—¢}) <V(Gy(a)-<) < 7(G)—¢, which gives the contradiction.
Thus v(G) = supg f for all G € G and the first assertion is proved.

Let f be a positive bounded function on X. Then ~ys is bounded and satisfies
210, so that f,, is upper semi-continuous with f,, > f. For all positive bounded
upper semi-continuous functions f1 > f, we have vf, > v andso f,, = f1 > f,, >
[, which implies f,, = f. This prove (7). If h is a positive upper semi-continuous
function on X satisfying v, = ¢, then h is bounded and (i¢) follows from (¢). Let
Y C X. By ([Z3) we have supy f = infgoy.geg supg f, and since Y5 =r by (it),
(4ii) holds. Let h = \/{g € [0, +00[X: v, = 77}. It is easy to see that v, = 7, and
since fy, is upper semi-continuous with f,, > h, we have v, = vz, = 7y whence
h = f,, = f by (i). Thus (iv) holds. O

Definition 2.2. We say that (u, ) satisfies a large deviation principle with powers
(to) if there is a lower semi-continuous function J : X — [0, oo] such that

limsup p'e (F) < sup e’ (z) < sup e/ (z) < liminf ple (G)
z€F zeG

forall F € F, G € G with F C G. Then, J is called a rate function for (ule), which
is said to be tight if it has compact level sets.

Notice that in the literature, a large deviation principle is in general defined for
nets (uS)e>o Or sequences (,ui/")neN*. In the sequel, when we will refer to known
results that will be proved again, we will not make this distinction and state them
with general nets of measures and powers.

By (23)), the following proposition shows that the set of rate functions for (ule)
has a minimal element; it is the only one if X is regular since it is well known ([2],
Lemma 4.1.4).

Proposition 2.3. The following statements are equivalent:

(1) (pa) satisfies a large deviation principle with powers (tq).
(ii) There is a map v : G — [0,1] such that
(a) limsup p'e(F) < v(G) < liminf ple(G) for all F € F, G € G with
FcaG.
(b) Y(User Gi) = supier v(Gi)  for all {G;:ie I} CG.
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(iii) There is a function f: X — [0,1] such that
lim sup ple (F) < sup f(z) < liminf p’> (GQ)
zeG

foral FeF, GeG with F CG.
(iv) There is a function f : X — [0,1] such that
lim sup ple (F) < sup f(z) < liminf p’o(G)
el
foral FeF, GegG with F CG.
If (i) holds, then (i) holds with rate function J given by

(2.3) e = \/{f € [0,1)% : f satisfies (iii) (resp. (iv))},
and
(2.4) Ve = \/{'y € [0,1]9 : v satisfies (ii)}.

If (it) holds with -y, then (i) holds with rate function —log f., where

= inf fi 11 X.
fola) = nf__~(G) forallze

If (iii) (resp. (iv)) holds with f, then (i) holds with rate function —log f.

Proof. If (i7) holds with , then f, is upper semi-continuous and () holds with rate
function —log f, by Lemma 211

If (4i7) holds with f, then (i¢) holds with ~¢, and so (¢) holds with rate function
—log f, since f, ;= f by Lemma 211

If (4v) holds with f, then put 7(G) = suppcgsupy f for all G € G, and notice
that v satisfies (ii). Thus (i) holds with rate function —log f,. Since f < f < f,
we have

sup f <sup f <sup f = sup f <sup f,
F F G G G

for all F € F, G € G with F' C G (the equality follows from Lemma 2.1 (iii)).
Thus (7) holds with rate function — log f.
If (i) holds, then (i7), (i74) and (iv) hold. The function

h = \/{f € [0,1]* : f satisfies (444) (vesp. (iv))}

obviously satisfies (i) (resp. (iv)); the same for h by the preceding discussion, and
h = h by the definition of h; put e~ = h and obtain (2.3)). The map vy = /{7y €
[0,1]9 : v satisfies (i7)} satisfies (i7), and so (i) holds with rate function J given by
e=) = fyu- Since y,-s = Yty = Y5 ) holds. O

Corollary 2.4. (Contraction principle) Let Y be a topological space, and 7w : X —
Y a continuous function. If (us) satisfies a large deviation principle with powers
(ta) and rate function J, then (m|ua]) satisfies a large deviation principle with

powers (to) and rate function JY = 1 where Wy) = infyer-1y) J*(2) forally €Y.
Proof. Let JX be a rate function for (ule). The relations

lim sup 7[pa )" (F) = limsup ple (771 (F))
< sup e’ < sup e < liminfafua) (G)
1(F) 1(G)



CRITERIA FOR LARGE DEVIATIONS 2909

forall F € F, G € G with F' C G and Proposition 23] show that (m[ua]) satisfies

a large deviation principle with powers (t,) and rate function J¥ = —log f where
fly) = SUP.—1(y) e for all y €Y (since SUP,—1(p) e = supyp f). Equivalently,
JY = (l) where [(y) = inf -1, JX forally €Y. O

3. A GENERAL VARIATIONAL FORMULA

Up to now, the only known condition that ensures the existence of A(h) for all
h € Cp(X) (and more generally for all [—oo, +-o00[-valued continuous functions h on
X satisfying the tail condition
(3.1) lim limsup ple (eh/te Liensary) =0)

M—o0

is the existence of a large deviation principle with tight rate function, and A(h) is
expressed in a variational form in terms of this rate function (Varadhan’s theorem,
[2] Theorem 4.3.1). In this section, we generalize these results in two directions.
First, Theorem gives the general variational form of lim sup ufe (eh/ taly) for
any Borel set Y C X and any Borel measurable function h on X satisfying the
localized tail condition (B:2). Next, Theorem [3:3] gives a sufficient condition for the
existence of A(-) on Cp(X) which is also necessary when X is normal; moreover,
the variational form of A(-) is obtained in terms of any set-function v € [0,1]7Y9
satisfying the typical in-between inequalities of large deviations (8.23)). As a con-
sequence, Varadhan’s theorem is generalized in various ways (Corollary [B:2] and
Corollary B.4).

For each map h : X — [—o00,400] we put F)}f,s = {e" € A\ —¢,A +¢]} and
Gh . ={e" €A —¢, A +¢[} for all A > 0 and for all £ > 0.

Theorem 3.1. For each Borel set Y C X, and for each [—oo, +0o0]-valued Borel
measurable function h on X satisfying

(3:2) Jim Timsup gy (€' Lens anyy) =0,

we have

(3.3) limsup ple (et1y) = sup {(\ —e) limsup pte (Ffe nY)}
A>0,e>0

(3.4) = sup {(e"® — &) lim sup pte (GZ’M),E nY)}

{z€Y,e>0:eh(@) <M}
for some M € [0, 4+00]. Moreover, lim pte (eM/t1y) exists if

sup {(\ — ¢)liminf plo (F/{ie NY)} = sup {(A—¢)limsupp’ (F/{ie nY)}.
A>0,e>0 A>0,e>0

Proof. Let Y be any Borel subset of X. Put g = ", G, . = GK,EQY, P\, = F;\L,EOY
for all A > 0 and for all € > 0. We have

lim sup p'e (gl/t“ ly) > limsup ple (gl/t“ Ir,.)
> (A —¢) limsup pl (Fy )
for all A > 0 and for all € > 0, and so

(3.5) limsup ple (g1%1y) > sup {(A — &) limsup pfe (Fy o)}
A>0,e>0
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Thus, in order to prove (B3]) and (34]), we have to prove that for some M < oo,

(3.6) limsup ule (gl/t“ ly) < sup {(g(x) — &) limsup p'e (Gy(z),e)}-
{z€Y,e>0:9(x)<M}

For all M > 0, for all N € N* and for all 1 < j < N, we define
Fung={9€l[(i—1)M/N,jM/N]}NY.
We have

N
lim sup /-Ltaa (gl/ta 1Y) <lim SUP(Z Mo (gl/t“ 1F]\/I,N,_]) + Ha (gl/t(y 1{g>M}ﬁY))ta
j=1

(3.7) < 12}?{1\[ lim sup p'e (gl/t“ 1y n,) Vlimsup ple (gl/t“ Ligs>nminy)-
Since
lim sup ,u'ff (gl/ta 1FM,N,j) < lim sup ,u'fxa (FM:N:j)||g]‘Fl\l,N,j ||a
it follows from ([B.7) that
limsup ple (9" *= 1y)

(3.8) < 1r<1§_a<XN ||g1FJ\/I,N,J || lim sup Mff (Fm,v,5) V limsup ,ug“ (gl/t‘*l{g>M}my).
Let M — oo, N — oo in (3.8]) and use (B:2) to obtain some M, € [0, o[ such that

3 ta(,1/ta im 3 3 to .
(89)  Tmsup g (9" 1y) < liminf max {llg1ru, ., | Hm sup g (Faso, )}
Thus, to obtain ([B6) it suffices to show

- : ta
1}\1121?; 1Smjz%XN{||glFMO,N,j (| im sup pe (Farg,n,5)

(3.10) < sup {(g(z) — &) limsup pfe (Gy(z).c)}-
{z€Y,e>0:9(x)<Mop}

If (B10) does not hold, then there exists v > 0 such that

- : ta
lwgf 1<mjzsz{||glFM0,N,j (| im sup pe (Farg,n,5)

(3.11) > sup {(g(z) + v — &) limsup & (Gy(z).e)})-
{z€Y,e>0:9(x)<Mop}

Take 0 < g9 < v/2 in (BITl) and obtain
1}\1[15(1)1; 1§mj%XN{”glFMoyNd || lim sup ple (Farg v )}
(3.12) > sup {(g(z) + o) limsup pfe (G, ) }-
{z€Y;g(x)<Mo}
But for all 0 < A < My and for all N > My /ey we have
(3.13) (A + o) limsup pf (G o) = (|91 oy 5, 1 1imsup il (Fagy v 5,)

where 7 is such that A € [(ja—1)Mo/N, jxMo/N] (since [(jn—1)Mo/N, jaMo/N] C
JA — €0, A+ e0[). When A ranges over [0, M|, jx ranges over {j : 1 < j < N}, and
(B13) implies

sup {(\+ o) limsup ple (Gaeo)}
0<A< Mo

(3.14) > max {llg1r, v, | imsup ue (Faso,v,5)}
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for all N > Mj/e¢. Notice that for all N € N* and forall 1 < j < N, if Fagy n,j # 0,
then j = jy() for some x € Y. Thus it suffices to consider A € {g(x) : x € Y, g(z) <
My} in the L.H.S. of (BI4), that is,

sup {(g(x) + 80) lim sup /J/fxa (Gg(z),so)}
{z€Y:g(z)<Mo}

> max {llg1ry, v, | imsup ue (Faso,v,5)}

for all N > Mj/e¢, which contradicts (312)); it follows that (BI0), (3:6]), and finally
B3) and B) hold. In the same way that we obtained (&I]), we have

(3.15) liminf e (g% 1y) > sup {(\ — &) liminf pfe (Fy )},
A>0,e>0
and the last assertion follows from (B4). O

A localized version of Varadhan’s theorem states that if X is regular and if (p4,)
satisfies a large deviation principle with powers (t,) and tight rate function J, then

BI]) and (B.19) hold with I = J ([2], Exercise 4.3.11). The following corollary
removes all the hypotheses on [ and X.

Corollary 3.2. Let ! be a [0, +o00]-valued function on X satisfying

(3.16) VF e F, limsupple(F) < supe '@
z€F
(3.17) (resp. YG € G, liminf ulo(G) > Slelg e U@,

Then, for each [—o0,+oo]-valued continuous function h on X satisfying B1l), we
have

(3.18) VF e F, limsupple(e"te1p) < sup @@
rEF,h(x)<oco
(3.19) (resp. VG € G,  liminf ple (eMt14) > sup  eh@e=l@),
z€G,h(x)<o0

Proof. Suppose that (BI6) holds and (3I8) does not hold for some [—oo, +00]-
valued continuous function h on X satisfying (B1]). Since

lmsuple (/o 1p) = sup  {(e") — &) limsup pte (Fhiy . 0 F)}
{z€F,e>0:h(xz)<oco} ’
for all F' € F by Theorem B, there exists Fy € F, xg € Fy with h(zp) < oo, and
€o > 0 such that

NnF) > sup  el@e @),

(e"(@0) — £4) lim sup ple (Fe}ﬁ
TzEF,h(z)<oo

By (B-16) we have
(eh(’”‘)) —€0) sup e @) > sup M@ =)
xeFh NnF rEF,h(x)<oco

eh(@0) o

N F' such that

(x0) g4

; h
and so there exists x; € Fehwo),eo

(") —gp)e7! @) 5 gup M@ mH@),
rEF,h(x)<oco
Since 1) > eh(z0) _ ¢ we obtain
eh(@1) o=lz1) sup eh(®) g—1(x)
z€F,h(x)<oo
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with 21 € F and h(z1) < oo, whence the contradiction. Suppose now that (BI1)
holds and (BI9) does not hold for some [—o0, +00]-valued continuous function h
on X satisfying (81). By (B13), there exists Gy € G such that

sup M@ e=l@) 5 liminf ple (Mt 1g,)
z€Go,h(z)<oo
> sup {("® — &) liminf ple (GZ}L(w),E NGo)}.

o {z€Gp,e>0:h(z)<oco0}
Thus, there exists xg € Gy with h(zg) < oo, and v > 0 such that

eh(@0)g=lwo) ~ 4, 4 sup {("® — &) lim inf ple (GMwy . N Go)}
{z€Go,e>0:h(z)<oc0} ’

and

(3.20) eM@o)e=i(@o) sup {(e"® — e+ v) liminf ple (GPy . NGo)}.
{z€Gp,e>0:h(x)<oco} ’

By taking = x¢ and €¢ < v in the R. H. S. of (8:20) we have
el (@o) g =U(mo)  oh(%0) Jjiy inf Mg(x (Gghwo),go NGo)},

and by (B.17)
o) g—llm) o hao) g 1@
z€G

:h(a:o)’ao
which gives the contradiction. O
A direct consequence of Corollary is that Varadhan’s theorem can be stated

verbatim for a general state space and with any function (in place of a tight rate
function) I : X — [0, +00] satisfying the large deviations lower and upper bounds:

(3.21) lim sup ple (F) < sup e ') < sup e ') < liminf pte (Q)
zeF zeG
for all F € F, G € G with F' C G; that is to say, A(h) exists and
A(h)= " sup  {h(z) —I(z)}
z€X,h(z)<oo

for all [—o0, +00]-valued continuous functions h on X satisfying (BIl). We will see
with CorollaryB 4 that it is possible to go further in the generalization of Varadhan’s
theorem obtaining the same conclusions with hypothesis weaker than (B2T]).
Recall that X is normal if and only if the following interpolation property holds:
if f and g are real-valued respectively upper and lower semi-continuous functions on
X such that f < g, then there is a continuous function h on X satisfying f < h < g.

Theorem 3.3. Consider the following statements:
(i) A(h) ezists for all h € Cp(X);
(i) limsup ple (F) < liminf plo(G) for all F € F, G € G with F C G.
If X is normal, then (i) = (). If (i) holds, then (i) holds and moreover for each

[—00, +00]-valued continuous function h on X satisfying BJl) we have for some
M € [0,400],

(3:22) ™ = sup {(A—e)y(FY.)} = sup {("® =Gy )
A>0,e>0 {zEX,e>0:eh(®) <M}

for all maps v: FUG — [0, 1] satisfying
(3.23) lim sup ple (F) < v(F) < v(GQ) < liminf ple (Q)
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forall Fe F, Ge G with F CG.

Proof. Suppose that (i) holds and X is normal. For each F' € F and G € G with
F C @G, there exists h € Cy(X) such that 1p < h < 1g. Since 1p < ™™ <
e "ln\g Ve for all n € N, we obtain

limsup p'e (F) < inf eh=m)
< infliminf{e" + plo (@)} < liminf ke (G)
n

and (i7) holds.

Suppose that (i) holds. Let h be a [—o00, +00]-valued continuous function on X
satisfying ([B:1), and v : F UG — [0, 1] satisfying (3:23). Put g = " and let us use
the same notation as in the proof of Theorem Bl (with Y = X). For all A > 0, for
all € > 0 and for all § > 0 with § > ¢, we have by (3.23)),

lim inf ple (¢'/) > liminf pfe (gl/t“lcm)
> (A= 6)1(Grs) > (A= )y (Fy.e).
Thus
lim inf gz (') > i (A = 6)y(F.c)

> (A=e)y(Fre) = (A —e)v(Gae)
and

lim inf ple (gt/te) > )\>S$1p>0{()\ —e)y(Fxe)}

> sup {(A—e)v(Gre)}
A>0,e>0

In order to prove (8:22), we have to prove that for some M < oo,

(3.24) lim sup p'e (gl/t“) < sup {(eh(”) —&)Y(Gen )}
{zeX,e>0:eh@) <M}

By using (3:23), and in the same way that we have obtained (310) in the proof of

Theorem 3.1} we find some M € [0, co[ such that to prove (3:24)) it suffices to prove

lim inf max {”glFMO,N,j ||’Y(FM0,N,j)} < sup {(eh(a:) - 6)7(Geh("3),e)}v
N—oo 1<j<N {zeX,e>0:eh(@) <My}
which is achieved exactly as in Theorem B.11. O

The following corollary gives sufficient conditions much weaker than large de-
viations with tight rate function in order to have the conclusions of Varadhan’s
theorem; in fact, we will see in the next section (Corollary [£2) that when X is
normal, the condition (3:25) is also necessary.

Corollary 3.4. Let ! be a [0,400]-valued function on X satisfying

(3.25) limsup ¢y (F) < sup e ') <liminf pfy (G)

(3.26) (resp. limsup ple (F) < sug e '@ < liminf pte (@)
S

forall F e F, GG with F C G. Then, A(h) exists and

(3.27) A(h) = sup  {h(z) —I(x)}

z€X,h(x)<oco
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for all [—oo, +o0]-valued continuous functions h on X satisfying B.1).

Proof. Let h be a [—o0, +0o]-valued continuous function on X satisfying (B1). If
(B:Z5) holds, then by Theorem B3] (with 7(G) = sup, ¢ e @) for all G € G), A(h)
exists and

A = sup {(A—¢g) sup e U@},
A>0,e>0 CCEGQ,E

Since for all A > 0, ¢ >0 and = € Gﬁ’g,

(A = £)e 1) < hl@)—l@)

we obtain
(A —e)e @) < sup  eM@el@)
z€X,h(x)<oo
(A—¢) sup e @ < gqup @U@

xEG’i’E z€X,h(z)<oco
and thus

AW < qup @)l

z€X,h(x)<oo

For all x € X with h(z) < oo, and for all € > 0 we have

(eh(x) — E)e—l(x) < (eh(x) —¢)  sup el
yeG:h(w))E

which implies
(@ _ £)et®) < A,

@) e=1@) < GAR),

and finally
sup @) o= l@) < M)
zEX,h(z)<oo

Thus MM = SUP, e X h(2)<oo eM@)e=U=) " which is equivalent to (B27). If (B26)
holds, we conclude by applying Theorem B3l (with v(F) = sup,cp e 1) for all
F € F), and replacing GK,E by F/{ﬁe, and G" by Fe}ﬁ in the above proof. [

eh(w)’ej (3”),5

Remark 3.5. Let T' be the set of maps v : FUG — [0, 1] such that v(F) < v(G)
for all I € F, G € G with ' C G. Define the narrow topology on I' as the
coarsest topology for which the mappings v — ~(Y) are upper semi-continuous for
all Y € F and lower semi-continuous for all Y € G. The net (ufe (-1/*~)) can be seen

h.
as a net in I" provided with the narrow topology, as well as a net in [0, oo[{e heCy (X0}

provided with the product topology. Then, the implication (i7) = (i) in Theorem
33 means that if (ule(-'/**)) has a limit in T', then (ufe(-'/*~)) has a limit in
[O,oo[{eh:hec”(x)}; moreover, the converse holds if X is normal. Of course, the
limit in I when it exists is not unique: for each F' € F and G € G, vy defined by
v(F) = limsup ple (F) and v(G) = liminf ple (G) is an example, and 7/ defined by
Y (G) =~(G) and v/ (F) = infg5p geg 7(G) is another one.
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4. CRITERIA OF A LARGE DEVIATION PRINCIPLE

In this section, we investigate what has to be added to the existence of A(h) for
all h € Cy(X) (in other words, of the limit A(-) of (log ule (e/*)) in ] —o0, +-00[¢+(X))
in order to have large deviations. Of course, some hypotheses on X are required to
have sufficiently continuous functions; so we suppose here that X is normal. In this
case, by Theorem B3] (and Remark B.5) the existence of A(-) on Cp(X) is equiva-
lent to the existence of a narrow set-theoretic limit v € T' of (u'e), which is also
equivalent to the existence of A(h) for all [—oo, +o00]-valued continuous functions
h on X satisfying the tail condition (3.II); moreover, for each such function h, the
variational form of A(h) is given in terms of 4. In particular, v can vary and it is
essentially this flexibility which allows us to obtain in Theorem [4.1] necessary and
sufficient conditions, each of them corresponding to some type of information: a
property of A(-) as a functional in (ii), a special variational form of A(-) in (444),
a property of v in (iv), and a property of the net (ulo) in (v) and (vi). It is
worth noticing that in both formulations (functional (i7) or set-theoretic (iv)), the
condition on the limit is the same: a continuity property on increasing nets. As
corollaries, several basic results of the theory are strengthened by removing the
tightness or compactness hypothesis.

Theorem 4.1. If X is normal, then the following statements are equivalent:

(i) (pa) satisfies a large deviation principle with powers (tq).
(i1) A(h) exists for all h € Cy(X), and A(h;) converges to A(h) for each increas-
ing net (h;) in Cp(X) converging pointwise to h € Cp(X).
(ili) A(h) exists for all h € Cy(X), and A(h) = sup,cx{h(z) — l(z)} for some
function l : X — [0, 400] and for all h € Cp(X).
(iv) There is a map v : G — [0,1] such that
(a) limsup ple(F) < v(G) < liminf ple(G) for all F € F, G € G with
FcaG.
(b) v(U,; Gi) = lim~(G;) for each increasing net (G;) in G.
(v) A(h) exists for all h € Cp(X), and for all F € F, for all open covers {G} :
it € I} of F and for all € > 0, there exists a finite subset {G;,,...,Giy} C
{G; : i € I} such that

(4.1) liminf it (F) — limsup pfe (| ) G5) <e
1<j<N

(vi) There is a function | : X — [0,4o00] such that

(4.2)
inf [(z) = sup {—liminft,logpu.(G)} = sup {—limsupt,logu.(G)}
rEF GeG,GDF GeG,GDF

forall F e F.
If (i) holds with rate function J, then the following properties hold:

(4.3) inf J(x) = sup {=A(h)} for all F € F;
z€F h€Cy(X),h|p=0
(4.4) inf J(z) = sup {—=A(h)} forall G € G,

©€G h€Cha(X),eh<lg
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where Cpa(X) is the set of [—o0, +oo[-valued bounded above continuous functions
on X ; in particular,

(4.5) J(x)= sup {h(z)—A(h)} forall x € X;
her(X)
(4.6) J = (l) foralll: X — [0,400]| satisfying (iii);
_J o .
e (z) =, nf_ ~(G)

for all x € X, and for all v : G — [0,1] satisfying (iv);

(4.8) J = (l) for alll: X — [0,400] satisfying (vi).

If moreover X is second countable, then we can replace “net” by “sequence” in (ii)
(resp. (iv)), and “open covers” by “countable open covers” in (v).

Proof. (i) = (iv) and (i4i) = (i7) are clear; (i) = (ii7) by Corollary 34 and so
(7) = (i1). If (¢) holds with rate function J, then for each F' € F, each open cover
{G;:i €I} of Fandeache >0,

limsup ple (F) <supe ™ < sup e/ =supsupe ™’ < supliminf ul (G;) + ¢,
F UicsGi i€l Gy i€l

which implies (v).

Suppose that (i7) holds. We will prove that (i) holds. Let Ch,(X) be the set
of [—o0, +oo[-valued bounded above continuous functions on X. By Theorem B3]
A(h) exists in [—o0, +oo] for all h € Cpe(X), and notice that

A(hVEk)=A(h) VvV Ak)
for all k € Cpo(X); in particular,
A(hVs)=A(h) Vs

for all s € [—o00,400[. Let (h;) be an increasing net in Cp,(X) converging to
h € Cpo(X) with A(h) > —oo. For each real s < A(h) we have limA(h; V s) =
A(hV s) = A(h), and so eventually A(h;) > s, which shows that lim A(h;) = A(h).
Therefore, we can replace Cp(X) by Cpe(X) in (i7). Let F € F and h € Cpo(X)
with hjp = 0. If A(h) > —oo, then A(hV s) = A(h) with (hV s)p = 0 for all
s < A(h) NO; if A(h) = —o0, then the sequence (A(hV —n)),en converges to —oo
with (hV —n)p = 0. Thus,

inf AR — inf eA(h)7
hECba(X),h‘F=O hECb(X),h‘F=O

and by the interpolation property we have

li ta(F) < inf Ah) — inf A(h)
imsup g (F) < hecba(l)r(l),hwzoe hecb(;?),h‘pzoe
(4.9) < sup A < liminf ple (G)

h€Cpo(X),eh<lq
for all FF € F, G € G with FF C G. Define

flx) = inf AN (= inf A
heCy(X),h(x)=0 h€Chqa(X),h(x)=0
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for all z € X. By (#H), in order to prove (i) it suffices to show that f is upper
semi-continuous and satisfies

4.10 su T) = inf MR
( ) :CEI}'?'f( ) her(X),h‘p:O

for all F € F and

(4.11) sup f(x) = sup A
e hECha(X),eh<lc

for all G € G. We first show (£10). Clearly
sup f(z) < inf A
Ierp)‘f( ) - her(X),h‘p:O

for all F' € F. Suppose that

sup f(x) < e® < inf M)

xeg‘f( ) heCy(X),h|p=0
for some F' € F and some real s. Then, for all € F there exists h, € Cy(X) which
can be chosen negative such that h,(z) =0 and
4.12 A(hy) <s < inf A(h).
(1.12) () <5<, int AW
But 1p < eVeer Pe with \/9,:E r he bounded lower semi-continuous, and so there
exists h € Cp(X) such that 1p < e < eVeer = (in particular hip = 0). Let I be
the set of finite subsets of F' ordered by inclusion, and h; = h A'\/ ; h, for all
i € I, so that (h;)ier is an increasing net in Cp(X) converging to h. Since A(h;) <
A(V i ha) = sup,e; A(hy) < s foralli € I, we obtain lim A(h;) = A(h) < s, which
contradicts (£12). Thus (#I0) holds. We now prove (£11]). By the interpolation
property (between 1,3 and 1) we have clearly

sup f(x) < sup MR

z€G he€Cha(X),eh<la

for all G € G. Suppose

sup f(x) < sup AR

z€G RECH (X),eh<lc
for some G € G. Then, for all x € G there exists hy, € Cp(X) with hy(z) = 0 such
that
(4.13) sup A(hg) < s < A(hg)

zeG
for some hg € Cpo(X) with €6 < 15, and some real s. Let I be the set of finite
subsets of G ordered by inclusion, and h; = hg AV, ¢, he for all i € I, so that
(hi)ier is an increasing net in Cp,(X) converging to hg. Then

A(hg) = lim A(h;) < lim A(\/ h,) = lim(sup A(h,)) < s,

TEL zeL

which contradicts (E13). Thus (@II) holds. It remains to show that f is upper
semi-continuous. By (£9), (&I0), @II), and since

flz) = inf AP < inf sup e
h€Cpa (X),h(z)=0 GD{z} hECpa(X),eh<lg
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for all x € X, by Lemma [Z] it suffices to prove that

(4.14) flx) = inf A > inf sup A
h€Cpa(X),h(x)=0 GD{z} hECHa(X),eh<lg

for all x € X. Suppose that ([@14]) does not hold for some z € X. Then, there
exists hy € Cpo(X) with hy(z) = 0, and v > 0 such that

(4.15) Aha) p oy < inf sup M),
G2} heCyo (X),eh<1g

By (@9) and Theorem (with v(G) = sup,ec,, (x),eh<i1q MM we have

(4.16) M) = sup {(A—e) sup Ay
A>0,e>0 hECba(X),ehSlth
A,e

Take A =1 and 0 < € < v in ({I0)), and obtain by ([{I5),

sup AP < inf sup AR
hECba(XLehSlth GD{z} RECHa(X),eh<lg
1,e

with € G?;, which gives the contradiction. Thus (£I4) holds and f is upper
semi-continuous.

We have proved (i) < (ii), and that when (i) holds with rate function J, then
({3) and [4) hold (by the uniqueness of a rate function on regular spaces); since

A(h = h(z)) = A(h) — h(z),
{3 follows from (E.3).

Suppose that (ii¢) holds with { : X — [0, +00]. Then, obviously (#i) and so (i)
hold; let J be the associated rate function. By Corollary [3:4]

(4.17) A = sup ele™’
X

for all h € Cpe(X), and so

(4.18) supele™ = supele!
X X
for all h € Cy(X). Clearly, for each h € Cpo(X) there exists a real s such that
supele™ =supeVie’
X X
and
supele™! = sup Ve,
X X

and so by (18],
l

(4.19) supee™ =supele.
X X

For any G € G choose an increasing net (h;) in Cpa(X) such that sup, e? = 1¢,

and obtain by ([I9),

sup e’ = sup e !,
G G

l J

Since supse™' = supg e ! by Lemma Tl we have supge™” = supge! for all

G € G. Since e’ and e~

2. Thus, if (¢) holds with rate function J, then J = Jforall I : X — [0, +00]
satisfying (4i¢) and (F6]) holds.

~0 ~o

o
are upper semi-continuous, we have J = | by Lemma
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Suppose that (iv) holds with v : G — [0, 1]. Define v(F') = infg5r v(G) for all
F € F, and notice that v is increasing on F, satisfies v(F) < v(G) for all F' € F,
G € G with F C G, and by (a),

(4.20) v J Gj) < sup +(Gy)

1<j<N SN
for each finite family {G;}i<j<nv C G. By Theorem (B3)), A(h) exists for all
h € Cpo(X) and

(4.21) er = sup {A—ey(Gh Y= sup {(e") —e)y (Gl )}
A>0,e>0 zEX,e>0

(4.22) = sup {(A—e(F)})
A>0,e>0

We will show that (i7) holds. Let (h;)ier be an increasing net in Cp(X) converging
to h € Cp(X), and suppose that A(h) > sup;c; A(h;). By @ZI) and [@22), there
exists A\g > 0 and ¢ > 0 such that

(Mo — €0)v(Gh, ) >sup sup {(A—e)y(Fyi)}

i€l A>0,e>0
> sup{ (Yo — €0)1(F3; .,
1€

and thus
YGh, o) > supy(Fyi ) > supy(Gh: ).
el i€l
Let p be the set of finite subsets of I ordered by inclusion, and obtain by (:20),
(4.23) VB € p, YGh, o) > sup v UGk ).
® iep

But G} . C supse,, Uies Gigﬁo, and the condition (b) contradicts ([@23). It
follows that A(h) = sup;c; A(h;), that is, (44) and so (i) hold; let J be the associated
rate function. We now prove that (7)) holds. Let G € G and h € Cpo(X) be such
that e" < 1¢. For all z € X and € > 0 with e"®) > €, we have

Fliw . CG

and

(@@~ ny(Fhe, ) < (") — (O,
Thus,
(4.24)

{zeX;eS(lal:P>s},e>0{(eh(m) - 6)7(Fehh(m)’6)} = {zeX;,e’SLgI))>s}7€>0{(eh(x) @
<(G),
and since if eA") > 0,
(4.25) M = sup {(e"® — )y (Flio O},
{zeX;eh(®) >e},e>0 '

by (£24) and (£:28) we obtain
(4.26) sup A < ~(G).

h€Cha(X),eh<1g
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Suppose that

sup A Ly < ~(G)
h€Cpa(X), el <1

for some v > 0. By taking A =1 and 0 < g9 < v/2 in ([#22) we obtain
(4.27) VF.,) +v/2 <~(G)

for all h € Cpo(X) such that e < 1. Let (h;) be an increasing net in Cy,(X) such
that sup, e® = 1, and let p be the set of finite subsets of I ordered by inclusion.
Then (U, s G;L,ieo)ﬁep is an increasing net in G such that

(4.28) ve>o0, Gc o,
Bepiep

By (&27) we have
viel,  (GiL,) +v/2 <A (FL,) +v/2 <(G),

and by (E20),
vBep,  w(JGI,) +v/2<(G),
i€B
which contradicts (28] by (b). Therefore,

sup A = ~(@),
h€Cpa(X),eh<lg

and by (H4)
supe = ~(G),
G

which gives (&) by upper semi-continuity of e~.
Suppose that (v) holds. By Theorem B3]

A = sup {(A—e)liminf ple (G,)} = sup {(A— &) limsup ule (FL,)}
A>0,e>0 A>0,e>0

for all h € Cp(X). Let (h;)iecr be an increasing net in Cp(X) converging to h € Cp(X).
We will prove that lim A(h;) = A(h). If A(h) > sup;c; A(h;), then there exists
Ao >0, g9 > 0 and v > 0 such that

(4.29)

(Ao — o) lim inf ple (Gﬁo,m) >sup sup {(A—e)limsup ule (F)}fs)} +v
i€1 A>0,e>0

>sup sup {(A—¢)limsup ple (GY)} +v
iel A\>0,e>0 ’

> supsup{ (Ao — & + v/2) limsup ' (G})f0 O +v/2.
iel e>0 ’

Take g9 < € < €9 + v/2 in ({29) and obtain

(4.30) (Ao — &o) lim inf gle (G}/{O,EO) > (Ao —€0) su? lim sup ple (Gioe) +v/2.
1SS

Put F = F{ _, G; = Gig’e for all i € I, and notice that F' C (J,c; G;. Since

Fo G%, -, We obtain by (30),

lim inf gle (}%) > sup lim sup ple (G;) + v/2,
iel
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and so
lim inf gl (}%) > lim sup ple U Gi,)+v/2,
1<j<N
for all finite subsets {G;, : 1 < j < N} C {G; : i € I}, which contradicts ().
Thus lim A(h;) = A(h), that is, (i¢) and so (i) hold.
It remains to prove (i) < (vi), (@8) and the last assertion. Suppose that (7)
holds with rate function J. Put f = e~ and let F' € F. By (@) we have

fr— : f A(h) < . f 1 . f ta G < . f 1 tu G .
asclelllz'f(x) hECb(}?),h‘F:()e - GEéI,IGDF 1 nE fee, ( ) = GEéI,IGDF 1M sup L, ( )
Suppose that

inf A  pf N ta ().
hECb(;?),h‘p:()e GEéI,lGDF lmsup/'[/oz( )

Then, there exists v > 0 and hr € Cp(X) with hp|p = 0 such that

A(hr) : : ta

(4.31) e +r< Geg,l(f;thm sup p (G).

Since

(4.32) M) = sup {(e"*@ — ) limsup pfe (FI7 ) )})

{z€X;hpr(z)<co},e>0
by Theorem B3, by taking € = eg < v in ([232) we obtain by (@31,
(4.33) sup {e" @) lim sup pte (FF )}) < inf Flim sup ple (G).

« hp ()
{z€X;hp(z)<oo} € »€0 Geg,GD

Since hp(x) = 0 for all z € F, we have F C G Flhgo and ({33) implies

1,60

lim sup ple (GI-

l,eo

. to h . . ta
) < limsup g (F2) < _inf | Timsup g (G)

and the contradiction. We have shown that

— : . . te o . . to
() = ing_ imint il (G) = _inf limswpply (G)  for ll F < 7,

which is equivalent to (42) with [ = J, and so (vi) holds.
If (vi) holds with [ : X — [0, +00], then (4£2) implies

limsup ple (F) < supe™" < liminf ple (G)
F

for all F € F, G € G with F' C G. By Proposition[2.3] (7) holds with rate function
7 and (@X) holds.

If moreover X is second countable, then it is well known that for any family
{hi : i € I} of lower semi-continuous functions on X there exists a countable subset
Iy C I such that sup;c; h; = sup;c, hi. It is easy to see in the above proof that this
property allows us to replace “net” by “sequence” in (ii) (resp. (iv)), and “open
covers” by “countable open covers” in (v). O

By combining Theorem Bl with Corollary B4 and Lemma 2.1l we obtain in the
following corollary necessary and sufficient conditions in order that a large deviation

principle occurs with rate function the lower regularization (l) of a given function
[ : X — [0,400]. Notice that by Proposition Z3l and (i) < (i¢) in Corollary E2]
the infimum of the set of [0, +o00]-valued functions [ on X satisfying (B25)) coincides

o
with the lower regularization | of each its elements. The equivalence (i) < (4i¢) in
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Corollary was known when [ is a tight rate function ([2], Theorem 4.4.13); here
there is no hypothesis on .

Corollary 4.2. Suppose that X is normal, and letl be a [0, +o0]-valued function
on X. Then, the following statements are equivalent:

(1) (pa) satisfies a large deviation principle with powers (to) and rate function
[e]

l.
(i)
limsup ple (F) < sup e '@ < liminf pte (G)
zeG
foral FeF, GeG with F CG.
(iii) A(h) exists and

A(h) = sg)({h(:c) —l(z)} for all h € Cp(X).
(iv) A(h) exists and
AR = s {h(x) ~ @)
z€X,h(x)<oo

for all [—o0, +o00]-valued continuous functions h on X satisfying (B.1]).
Proof. (ii1) = (iv) = (iii) by Corollary BA4] (i4i) = (i) by Theorem HIl and
(i) = (i) since sup, e e ' ®) = sup, e e !@ for all G € G by Lemma P11 O

Recall that (1) is said to be exponentially tight with respect to (to) if for all
e > 0 there is a compact set K C X such that limsup ple (X\K) < e. Bryc’s
theorem ([2], Theorem 4.4.2) states that if A(h) exists for all h € Cp(X) and if
(1) is exponentially tight with respect to (to), then () satisfies a large deviation
principle with powers (¢,); moreover, the (necessarily tight) rate function satisfies
(H). The following Corollary shows that the first conclusion holds under a
hypothesis clearly weaker than exponential tightness. Moreover, Theorem[ZT]states

that without any tightness hypothesis, a rate function for (ule) always satisfies
E3).
Corollary 4.3. Suppose that X is normal. If A(h) exists for all h € Cp(X), and
if for all open covers {G; : i € I} of X, for all € > 0, there exists a finite subset
{Giy, .., Giy} C{G;:i €1} such that
(4.34) lim sup ple (X\ U G;,) <e,

1<G<N
then (uq) satisfies a large deviation principle with powers (tq).
Proof. Let F' € F, {G; :i € I} be an open cover of I and ¢ > 0. Then, {J;c; Gi U

X\F is an open cover of X, and so there exists a finite subset {G;,,...,Giy} C
{G; : i € I} such that

lim sup ple (X \( U G_z'jUX\f%))<5-
1<j<N

Thus,

lim sup p'e (13"\ Gi;) <e
1<G<N
and by Theorem ] the conclusion holds. (I
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Corollary 4.4. If X is normal and (u'e) satisfies (E34), then (o) has a subnet
(ng) satisfying a large deviation principle with powers (tg).

Proof. Define A, (h) = log pte (e/te) for all h € Cy(X). Then, (Ay(+)) is a net in
the compact space [—00, +00]%(X) (with the product topology), and so there is a
subnet (Ag(-)) converging to some limit A’(-). The result follows from Corollary

applied to (ug’). O

Remark 4.5. (i) < (iv) in Theorem BTl was known when + is a sup-preserving ca-
pacity in the O’Brien sense, i.e., v(G) = sup{vy(K) : K C G, K compact} for all G €
G, v(K) =inf{y(G) : G D K,G € G} for all compact K C X, and +y satisfies (21I)
of Lemma 2T ([3]). Thus, Theorem ATl removes the sup-preserving as well as the
capacity conditions of v (notice the difference between (iv) in Theorem Tl and (i%)
in Proposition23)). In the spirit of Remark[3.5] this means that (u, ) satisfies a large
deviation principle with powers (t,) if and only if (ule) has a narrow set-theoretic
limit in the set {y € I" : limy(G;) = v(J,; G:) for all increasing nets (G;) in G}.

Remark 4.6. When X is Polish and (po) = (in)nen«, a recent result of Bryc and
Bell ([1], Theorem 2.1) implies the equivalence of the following statements:

(i") (wn) satisfies a large deviation principle with powers (1/n) and tight rate
function;
(ii") A(h) exists for all h € Cy(X), and inf,, A(hy,) = A(h) for each decreasing
sequence (hy,) in Cp(X) converging to h € Cp(X).
The equivalence (i) < (i¢) together with the last assertion in Theorem BTl can be
seen as a free tightness analogue of that, by replacing “decreasing” by “increasing”
in (ii’), and removing “tight” in (i’).

Remark 4.7. The relation (4.2)) in Theorem F.1l generalizes a well-known expression
of a rate function J for (ule), obtained with [ = J and F ranging over all singletons
(2], Theorem 4.1.18).
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